We study the effect of mechanical stresses arising in solid polymer electrolytes (SPEs) on the electrochemical performance of lithium-ion (Li-ion) solid-state batteries. Time-dependent finite element analyses of interdigitated plate cells during a discharge process are performed with a constitutive model that couples ionic conduction within the SPE with its deformation field. Due to the coupled nature of the processes taking place in the SPE, the non-uniform ionic concentration profiles that develop during the discharge process induce stresses and deformations within the SPE; at the same time the mechanical loads applied to the cell affect the charge conduction path. Results of a parametric study show that stresses induced by ionic redistribution favor ionic transport and enhance cell conductivitydup to a 15% increase compared to the solution obtained with a purely electrochemical model.
Introduction
Solid polymer electrolytes (SPEs) represent an attractive alternative to liquid electrolytes for lithium-ion (Li-ion) battery applications as they show enhanced resistance to variations in the volume of the electrodes, improved safety features, excellent flexibility and processability [1] . Being the polymer electrolyte a solid, concerns about its structural integrity arise, as mechanical failure would strongly affect the performance of the entire battery. A prediction of the stresses induced by the solicitations expected during service is therefore required. Here we make use of a finite element implementation of a coupled electrochemical-mechanical constitutive model to evaluate the impact of stresses arising in a SPE employed in a microbattery with a trench geometry.
SPEs are suitable for applications in which a liquid electrolyte could hardly be employed (3-D architecture microbatteries [2, 3] and structural batteries [4, 5] ). In the context of medical implants, where the limited mass and volume of a typical energy storage device need to guarantee high energy and power densities, 3-D microbatteries with minimal or no packaging represent an attractive option, and SPEs meet most of the requirements for these devices, i.e., safety [6] , reduced risk of leakage, and the possibility of being cast in complex architectures [7] . Moreover, the intrinsic multifunctional nature of SPEs [8] makes them appealing for structural batteries: they can serve as both electrolyte and solid matrix in which fiber-like reinforcing components are located [5] .
Irrespective of the specific application, SPEs undergo deformations during normal operating conditions, either caused by the redistribution of ions [9] or by the expansion/contraction of the active materials [10] . External mechanical loads are either applied on structural batteries intended to work as integrated structural elements as well as on batteries that power medical implants. A pressure stress state can be experienced by body-implanted batteries that power pressure sensors [11] or by those used in combination with piezoelectric power generators to convert the state of motion of the human body [12] into electrical energy [13] . External mechanical solicitations represent sources of additional deformations that induce a stress field in the SPE and should be carefully accounted for when the battery is designed.
Three-dimensional microbatteries are expected to yield higher capacity compared to uniform planar cells thanks to the larger volume of active materials that a 3-D architecture allows to accommodate [2, 3] . Despite these promising features, experimental studies show that capacity enhancement is limited or absent if the cell is not carefully designed [14, 15] . One of the factors that greatly contributes to reduced cell efficiency is the nonhomogeneous current density distribution throughout the cell. This issue was first raised in the computational study performed by Hart et al. [16] on 3-D microbatteries, where it was shown that current density distribution is affected by the arrangement of the electrodes. The investigation carried by Zadin et al. [17e19] by means of finite element (FE) simulations further emphasizes the dependence of the charge conduction path on geometry and material properties of the battery components and shows that a nonhomogeneous current density leads to a non-uniform utilization of the active material and to partially unexploited electrodes.
Numerical simulations provide insights on processes taking place in batteries during service without restrictions on the complexity of the battery architecture, allowing to explore conditions that could hardly be analyzed in experiments [10] . To this end, finite element simulations have been extensively employed to study electrochemical processes in 3-D microbatteries considering either liquid [16e18] or solid polymer [19e22] electrolytes. A vast literature exists on the modeling of electrochemical-mechanical interaction in Li-ion battery materials and components, either based on liquid or solid electrolytes [23] . Although mechanical stresses in solid-state batteries are known to impact on the electrical performance of the cell [10, 24] , numerical studies quantifying the stresses induced by a non-homogeneous current density [16] and the impact they have on the electrical response of the cell are not available for SPE-based 3-D microbatteries. The aim of this contribution is to fill this gap.
The SPE is regarded as a linear elastic material [9, 10, 24] in which transport of ionic species obeys the Nernst-Plank's equation. The latter is modified to account for the effect exerted by pressure gradients, and the kinematics is enriched to account for the deformation field induced by ionic redistribution. In agreement with the motivations provided in a companion paper [25] , the coupling between electrochemical and mechanical fields is controlled by the partial molar volume of the ionic species resulting from the dissolution of lithium salt into the solid electrolyte. Boundary conditions are applied on current collectors, and the electrodes are included in the model. Even if the description of the processes in the electrolyte is our main focus, a realistic prediction of the charge conduction path cannot exclude the modeling of the electrodes. The latter is based on Ohm's law of electronic conduction (lithium diffusion and the resulting swelling and shrinkage are not considered) and the electrode-SPE interface is assumed to be perfect. These are the minimum requirements to determine the ionic concentration and electrostatic potential profiles within the SPE [18, 19] . As discussed in Section 4, the electrodes are regarded as rigid bodies.
Two performance indicators are presented in Section 3 to evaluate the electrical battery response: cell conductivity and uniformity index. The first indicator quantifies the conductivity of the entire cell by providing an indirect evaluation of the effect of different factors (e.g., material properties and boundary conditions) on the ionic transport in the SPE material. The second provides a measure of the level of homogeneity of the electrode usage during charge/discharge processes, which is known to be an issue limiting the full exploitation of batteries based on 3-D architectures [14e20].
The model described in Section 2.1 is implemented in a finite element framework. Simulations are performed on microbatteries with a trench geometry (or 3-D microbatteries "trench" geometry [18, 20] ). The results indicate cell conductivity enhancement for increasingly large Young's modulus values of the polymer. The extent of the improvement relates to the geometrical features, up to 15% with respect to the purely electrochemical solution, and applies to stress-free and stressed batteries, as discussed in Section 4. The local enhancement of the ionic conduction mechanism induced by the stress field is however confined to regions where the pressure gradient is more pronounced. The results show that the deviation of the electrode utilization from the ideal uniform condition is proportional to the level of stresses attained in the electrolyte. The stress profiles reported in Section 4 show that the solicitations induced by the SPE swelling/shrinkage are beyond the elastic limit, indicating that the SPE will experience damage during regular discharge processes. It is shown that smoother battery geometries help reducing charge and stress localization, and the risk of mechanical failure in turn.
Model formulation
The battery cell is considered as a whole. Boundary conditions are applied at the electrode-current collector interface, Fig. 1 , while specific boundary conditions for the electrolyte are determined by considering the interaction with the adjacent electrodes as detailed in Section 2.2. Current collectors are not modeled.
The following simplifying assumptions are considered:
1. the SPE is regarded as a homogeneous solid material in perfect contact with the electrodes; 2. electrical double layers at the electrode-electrolyte interface are not described; 3. side reactions are neglected in the whole cell; 4. saturation of the electrolyte is not accounted for; 5. the mechanical model, based on the infinitesimal strain theory, is applied to the solid polymer electrolyte only, and the volume changes of the electrodes are therefore neglected; 6. a linear elastic constitutive model is used for the mechanical description of the SPE [10, 24, 26] ; 7. the electrodes are regarded as solid and non-porous; 8. mass transport in the electrodes is not modeled and the state of charge in the electrodes is therefore assumed not to affect the current density in the battery [18, 19] ; and 9. the electrodes are regarded as rigid bodies because of their stiffness, largely exceeding that of the solid electrolyte as discussed in Section 4.
The formulation, as presented, applies to binary ionic compounds that dissociates into monovalent ions only (e.g., LiPF 6 ). Being the description of the processes in the electrolyte the main focus of this contribution, the insertion/extraction reactions at the electrodes are assumed not to contribute to the overall reaction rates, and the charge transport kinetics and mass transport in the electrodes are assumed not to affect the battery operations. Following the approach pursued in Refs. [18, 19] , we focus on the non-constant part of the electrostatic potential. The flux of the ionic species in the solid electrolyte is described through the Nernst-Plank's equation [19] modified according to Refs. [9, 24] to account for the effect of mechanical stresses.
Governing equations
The equations that govern the problem together with the interface conditions that define the interactions between cell components are summarized in this section. In what follows, the subscripts Pos, Neg and SPE refer to the positive and negative electrodes and to the solid polymer electrolyte, respectively. Likewise, the corresponding domain of validity of the constitutive equations are indicated with x 2 V k , where k ¼ Pos, Neg or SPE. Throughout the text, bold small characters identify vectors, and bold capital or Greek characters identify tensors.
The modeling of the electrodes is limited to the charge conservation equation for conductive materials:
By adopting Ohm's law to describe the electric current density, j el ¼ Àk el Vf; x2V el ; el ¼ Pos; Neg;
the governing equations for each electrode read:
where k j is the electronic conductivity (S m À1 ) of the electrode j.
The electrostatic potential f is the only field variable related to the domains V Pos and V Neg . Solid polymer electrolytes in lithium-ion batteries show a twoway coupling between electrochemistry and mechanics. The set of balance equations that govern the different physics involved in the SPE and the constitutive equations describing the electrochemicalmechanical coupling is thoroughly discussed in Ref. [25] , where a set of governing equation formulated in terms of the electrostatic potential, positive and negative ions concentrations, and displacements was obtained. The electroneutrality condition was assumed to hold within the solid polymer electrolyte according to Ref. [19] , so that the ionic concentrations, represented by the field variables c Li þ and c X À , could be reduced to a single variable c according to
The electro-quasi-static form of Maxwell's equation could be used instead [27, 28] , but the electroneutrality condition is preferred because it allows to reduce the number of field variables while leading to the same results in terms of ionic concentration and electrostatic potential [27, 29] . The electric current density j and the apparent mass flux h in the SPE can thus be written in terms of the gradients of the concentration c, electrostatic potential f, pressure p, and the concentration itself:
Material parameters are collected into apparent diffusivity
combined partial molar volume
and coefficients
where
is the ideal gas constant, and T is the absolute temperature, taken as the room temperature (T ¼ 298:15 K) in this study.
In line with the companion paper [25] , the governing equations for the SPE are rephrased in a simplified form similar to what done in Refs. [19, 29] , but with the inclusion of the mechanical contribution. The balances of charge, mass and linear momentum are solved in a system of coupled equations written in terms of electrostatic potential f, concentration c, displacement vector u and
with x2V SPE . The pressure term is explicitly introduced into the system of equations for implementation convenience (refer to Appendix A for details). The strain tensor 
is defined as usual. The electronic conductivities of the electrodes and the diffusion coefficients, partial molar volume, and mechanical properties of the solid polymer electrolyte appearing in (2), (6), (7), (8) and (9c) are assumed to be constant. The governing equations are summarized in Table 1 , while the values used in the numerical simulations are listed in Table 3 .
Interface conditions
We assume that battery operations are limited neither by mass transport in active material nor by electrode kinetics and that the electrodes are characterized by a uniform lithium concentration distribution. We also assume that the open circuit potentials V Pos OC and V Neg OC associated with the positive and negative electrode, respectively, are uniform in space and constant in time. It follows that the surface overpotential is negligible. The electrostatic potential at the two sides of the interface are thus related through
where vV denotes the boundary of domain V and the subscripts, omitted in the previous section, indicate which side of the interface the variables refer to. Since V Pos OC and V Neg OC are uniform within each electrode, they have vanishing gradients and do not affect the electric current density distribution (1) .
Continuity of the electric current density across the electrodeelectrolyte interface is enforced through
According to the convention adopted, j Pos and j Neg are positive when the electric current flows from the SPE toward the electrode at the positive electrode-SPE boundary, and from the electrode towards the SPE at the negative electrode-SPE boundary, respectively.
Since the amount of lithium ions exchanged at the electrodeelectrolyte interface during battery operations is related to the transferred electric charge, while the anionic mass flux is homogeneous across the interface, the following relation holds between apparent mass flux and electric current density [25] :
The mechanical response of the electrodes is not taken into account in the simulations, and the electrode-electrolyte interface is considered as a regular external boundary for the electrolyte. Their description is postponed to Section 4 where boundary conditions are discussed. Details about the implementation of the governing equations (2) and (9) and the interactions between battery components (11), (12) and (13) are reported in Appendix A.
Zadin et al. performed FE simulations of microbatteries with a trench geometry with a purely electrochemical model by either enforcing condition (11) [18] or explicitly describing the interface reaction kinetic [17] through the Butler-Volmer equation [30] coupled with the diffusion taking place in the electrodes. The results obtained with the two approaches show that only the longterm response within a single discharge (charge) process of the system is affected by the electrode-electrolyte interface description. When the reaction kinetic is explicitly modeled [17] , the ionic diffusion path in the electrolyte modifies in response to the depletion/saturation of specific regions of the electrodes surface where the charge and lithium extraction/insertion cannot take place anymore, i.e., j SPE $n SPE z0 and h$n SPE z0.
Since the focus of this contribution is to highlight the effects of electrochemical-mechanical coupling on the performance of the battery cell, the electrode model (2) and the above mentioned simplifying assumption on V Pos OC and V Neg OC are used to limit the number of factors affecting the time-response of the system and to isolate the contribution of the stress field. A similar approach was adopted in previous studies where 2-D [18] and 3-D [19] numerical simulations on microbattery architectures were performed. Interface conditions are summarized in Table 2 .
Performance indicators
Previous numerical studies [18, 19] discussed the influence of cell geometry and electric conductivity of the electrodes on ionic concentration and mass flux distributions within the electrolyte by adopting a model focused on the purely electrochemical contribution. Since the field variables were limited to ionic concentration and electrostatic potential [18] , and time-independent processes were considered [19] , only a qualitative comparison between the results obtained for different combination of geometrical features and material parameters was performed. Table 1 Summary of the governing equations that follow from the electroneutrality assumption. Table 2 Summary of the continuity conditions across each electrode-SPE interface.
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The adoption of scalar performance indicators becomes unavoidable for parametric studies in which different geometries, material parameters and boundary conditions are examineddscalar quantities are more convenient to deal with and make comparisons immediate. Two time-dependent scalar performance indicators are selected to monitor a specific feature of the cell. As discussed in the following sections, the set of parameters that determines improved performance according to one of them may cause the reduction of performance according to the other.
Cell conductivity
Although the use of solid polymer electrolytes for 3-D microbatteries presents several advantages with respect to their liquid counterpart, the low ionic conductivity poses obstacles to their application in high power micro-devices that require high electric currents [2] . Experimental studies report further reduction of the ionic conductivity for SPEs characterized by increasingly high values of the stiffness [31] . Despite these discouraging material level observations, a different trend holds at the cell level. Provided that the electrochemical properties of the SPE are unchanged, modification of the SPE stiffness can determine either an increase or a decrease of the overall ionic conduction depending on the geometrical features of the cell as shown in Section 4.
The cell conductivity
is chosen as performance indicator. The quantity
is the absolute value of the cell overpotential averaged over the contact surfaces between the electrodes and the current collectors, Fig. 1 ,
is the potential difference related to the process (charge or discharge),
is the cell open circuit potential, and (18) is the average electric current density flowing through the cell. Subscript el identifies either the positive, el ¼ Pos, or the negative, el ¼ Neg, electrode, and n el represents the unit vector normal to the contact surface pointing from the electrode toward the current collector. Because of charge conservation, the integral in (18) assumes the same value at vV Pos ∩vV cc and vV Neg ∩vV cc at every instant of time and for any process, provided that the extension of the contact surfaces
is equal in the positive and negative electrode. This is always the case for the battery architectures dealt with in this contribution.
Since the ionic conduction depends on the pressure gradient, a relation is found between the stress field in the SPE and measurable quantities such as the electric current flowing through the cell and the electrostatic potential difference across the electrodes. This makes the cell conductivity suitable for comparison with experiments. The cell conductivity just introduced coincides with the inverse of the resistivity defined by Zadin et al. [20] .
Uniformity index
Microbatteries cast in 3-D architectures potentially allow to combine high energy density and limited dimensions. However, the theoretical energy enhancement allowed by 3-D architectures is partially unexploited due to the underutilization of the material in the electrodes. The combined computational-experimental study conducted by Talin et al. [15] indicates the non-uniform electric current density distribution as one of the factors that limits the electrochemical performance of 3-D batteries. When comparing the capacity of batteries with planar and 3-D architectures, with the same material composition and comparable geometrical features, the authors observed better performance of the 3-D architectures at low externally applied currents, associated with an increased active volume available for storage. However, at slightly higher currents the capacity reduction for the 3-D architecture was dramatic but it was not equivalently observed in the planar cell. Talin et al. [15] ascribe this issue to the non-homogeneous electric current density within the cell and to the consequent non-uniform electrode utilization in the 3-D battery, in agreement with An indication of the current distribution within the cell can be obtained by monitoring the electric current density profile along the electrode-electrolyte interface. Given the component of the electric current density along the interface in the direction transverse to it, j el $n el ; x2vV el ∩vV SPE ; the scalar
is introduced to quantify the extent to which the electric current density profile deviates from a reference current density distribution j ref along the interface, with
the contact surface between electrode and electrolyte. A similar choice was made by Zhuang et al. [32] who used the quadratic temperature gradient as objective function in their geometry optimization process.
At each instant of time, the mean value j int of the electric current density transferred trough the electrode-SPE interface is defined as
Because of charge conservation, the integral assumes the same value at vV Pos ∩vV SPE and vV Neg ∩vV SPE (at any instant of time and for any process) if the extension of the contact surfaces S int is the same at this interface.
By selecting the reference electric current density so that its component aligned with the direction normal to the interface is uniform (independent of location along the interface) and satisfies
and recalling the definitions of j Pos and j Neg (12) , the scalar (20) is rephrased as
For 3-D battery architectures, the orientation of the normal vector n el depends on the specific location along the interface but is constant in time due to the infinitesimal strain theory. Nevertheless, both j int and j diff are time-dependent quantities due to their dependence from j el .
The non-dimensional uniformity index
is selected as performance indicator. With reference to (22) and (24), the uniformity index is non-negative and equals zero if j el is uniform along the interface. The closer UI to zero the more the current density approaches a uniform distribution along the interface.
Results and discussion
Numerical simulations of microbatteries with a trench geometry [2, 17, 18] are performed using the domain highlighted in Fig. 2a and described by means of the 2-D setting of Fig. 2b . Since the out-ofplane dimension exceeds the width of the SPE domain [33] , plane strain conditions are assumed to hold for the mechanical contribution.
The materials considered for the positive and negative electrode are lithium cobalt oxide (LiCoO 2 ) and graphite (C 6 ), respectively, while the solid polymer electrolyte is a PEO with LiPF 6 salt. The material parameters used in the numerical analyses are listed in Table 3 . Different values of the Young's modulus (E ¼ 5, 50, 140 and 500 MPa) are considered for the SPE to investigate its impact on the battery cell performance for a fixed set of electrochemical properties. This range is selected according to experimental studies carried either on PEO [34e36] or poly(propylene glycol) diacrylate (PPGDA) [37, 38] which have structural similarities and show similar properties [39] . The electrodes are considered as rigid bodies because the characteristic Young's moduli of LiCoO 2 and C 6 are about 150 GPa [40e42] and 25 GPa [43, 44] , respectively, and they largely exceed the highest value used for the SPE. Similar to [25] , the simulations are performed with
and 1:5 Â 10 À4 m 3 mol À1 , and
=U ¼ 37=38 is used to evaluate coefficient g p (8c). Triangular linear elements are used in the FE simulations. The meshes are refined until convergence is achieved for the average electric current density (18) and the uniformity index (25) . The results in this section are obtained with a number of elements comprised between 16000 and 33500, depending on the cell geometry. The edge of the average element is shorter than 0:7 mm apart from the region in the proximity of the tip of the trenches where the element edge length was reduced to 0:2 mm. The time step is kept constant during the simulations. Due to negligible differences obtained with values between 1 and 10 s, the results in this section are obtained with a time step equal to 10 s.
A potentiostatic discharge process was simulated. For the sake of simplicity we chose V Pos OC ¼ V Neg OC ¼ 0 (in view of the simplifying assumption taken and the arguments exposed in Section 2.2 this particular choice does not lead to modification of the electric current density distribution) and applied the potential difference DV disc ¼ À0:1 V between the electrodes after setting the negative electrode as reference:
Due to symmetry, homogeneous Neumann boundary conditions are applied along the vertical edges of the domain for the electric current density:
and for the mass flux:
The initial condition
with c 0 ¼ 1500 mol m À3 [19] , applies to the mass conservation equation (9b). The SPE is in a stress-free state in the initial (undeformed) configuration according to definition (9d). By assuming perfect adhesion between polymer and electrodes (regarded as rigid bodies), the negative electrode-SPE interface is therefore regarded as fixed:
Horizontal displacements are restricted according to
where (31a) accounts for the perfect adhesion between SPE and the positive electrode, while (31b) reflects the symmetry of the cell depicted in Fig. 2 . Different values of the vertical displacement are applied on the positive electrode interface to investigate the effect of externally applied compressive mechanical loads enforced by means of the prescribed displacement
In the framework of medical devices, this could be representative of batteries powering implantable pressure sensors placed in the pulmonary artery [11] , or batteries coupled to piezoelectric power generator able to convert mechanical energy from body movement into electricity [13] . Due to their potential multifunctionality, implantable solid-state batteries should be able to withstand stresses and shocks which are, in traditional battery designs, withstood by the packaging [12] .
The system of governing equations described in Section 2 does not account for the lithium depletion/saturation of the electrodes. With this setting, the discharge time interval ½0; t end Þ has no upper bound as there are no constraints on the charge/lithium that can be transferred from one electrode to the other. To overcome this limitation, a realistic end time t end is determined from the cell capacity C cell for each battery geometry and obtained from the material properties of the positive electrode (LiCoO 2 ). A reversible specific capacity equal to 140 mAh g À1 is usually assigned to LiCoO 2 (see for example [45] ), corresponding to half the theoretical value [46] . Assuming a density r LiCoO2 z5 g cm À3 [47] , the capacity of the cell is determined as C cell ¼ 140 mAh g À1 Â r LiCoO2 Â A Pos Â 1 mm; (33) where A Pos Â 1 mm is the volume occupied by the positive electrode, given by the product of the area A Pos in the xy-plane in Fig. 2b , and factor 1 mm. The latter is included to emphasize that C cell should otherwise be expressed per unit thickness (out of plane, z-axis). Values of C cell for the domain represented in Fig. 2b Equation (34) provides a definition of t end as the time required to discharge a fully charged cell.
Electrochemical model
The time evolution of the average current density (18) during the discharge process simulated without the mechanical contribution is reported in Fig. 3 for the battery geometries under investigation (in Fig. 3 and hereafter the same color is used for cells with trenches of the same eight h, while continuous and dashed lines are used for r ¼ 1 mm and r ¼ 5 mm, respectively). A common trend is apparent: the current density monotonically decreases from an initial value toward a plateau, reducing to about 0.65 times its initial value. This time-dependent behavior is typical of systems containing ionic conductors. A similar response is reported by Le Van-Jodin et al. [48] for an amorphous ionic conducting glass (LiPON) subject to a constant 0.5 V potential. At the beginning of the discharge process (t ¼ 0), ions are uniformly distributed throughout the electrolyte and available for charge transport. A redistribution occurs afterwards and a non-uniform ionic concentration profile develops. The concentration gradient that builds up along the direction of the electric current flux shows a trend similar to that experimentally observed by Klett et al. [49] , but with a two-dimensional pattern because of the cell geometry. Due to the redistribution, ions cover larger distances to ensure a continuous charge transfer, reducing the overall ionic conduction in the SPE and the cell current density. The average electric current density j approaches the steady state value at t ¼ t end (the actual steady state is reached by the 25 mm high trench cell only, after roughly 2000 s). The steady state corresponds to the condition of the system at which no appreciable variations of the field variables occur, i.e., vc=vtz0 for the set of governing equations described in Section 2. The steady state is achieved before the cell is fully discharged (for t < t end ) in two cases: 1) the evolution of the system is rapid, i.e., the characteristic time of the diffusion process is small compared to t end ; 2) the redistribution of concentration is limited. The second scenario is observed when the electrochemicalmechanical model is used, as the deviation of the concentration profile in the SPE from a uniform distribution is limited by the pressure contribution (Fig. 7) .
The cell conductivity (14) is strongly influenced by the geometrical features of the battery, as different values of the electric current density correspond to the same applied potential difference DV disc . Fig. 3 shows that the average electric current density is higher in batteries with shorter trenches and is maximum for batteries with 25 mm high trenches. Moreover, a current density reduction manifests when the radius r of the tip corners changes from 1 to 5 mm. Fig. 4 reports the time evolution of the uniformity index (25) for both electrode-electrolyte interfaces. Two trends are apparent. First, the value of the uniformity index reduces in batteries with shorter trenches and with smoother corners at the tip, suggesting that the electric current density approaches a uniform distribution in cells whose geometry approaches that of a uniform planar cell (recall that according to (24) and (25) a uniform electric current distribution leads to UI ¼ 0). Second, irrespective of the height and corner radius of the trenches, the values attained by the uniformity index along the LiCoO 2 /SPE interface (Fig. 4a) are roughly half of those attained along the C 6 /SPE interface (Fig. 4b) . The different utilization of the two electrodes follows from the higher electronic conductivity of graphite with respect to the LiCoO 2 , forcing the electronic current to pass mainly through the negative electrode tip Fig. 4 . Time evolution of the uniformity index (25) . The performance indicator is evaluated for (a) positive and (b) negative electrode-SPE interfaces. Simulations performed with the purely electrochemical model. A uniform electric current density distribution, corresponding to UI ¼ 0 according to (24) and (25), is approached in batteries with smaller h and larger r. The uniform current distribution is better approached along the LiCoO 2 /SPE interface (a) than along the C 6 /SPE interface (b), irrespective of the cell geometry. Fig. 3 . Time evolution of the average electric current density (18) 
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Figs. 5 and 6 refer to the h ¼ 50 mm cell and focus on the last step of the simulation (t ¼ 4020 s for r ¼ 1 mm, t ¼ 4090 s for r ¼ 5 mm); however, the observations that follow are general and apply to any cell geometry and to any simulation time. Fig. 5 shows a contour plot of the electric current density intensity defined as
The trenches provide the most conductive path for the charge transfer from one current collector to the other, being the electronic conduction through the electrodes more favorable than the ionic conduction through the SPE. This results in an intense charge flux through the trenches that further increases at their feet. By considering for example the negative electrode, the charges moving from the current collector (bottom) towards the trench tip (top) are collected at the foot of the trench, resulting in a local current density much higher than the average value. A similar process takes place within the positive electrode but with charges moving from the tip toward the foot of the trench. The conversion between electronic and ionic conduction across the negative electrode-SPE interface takes place almost exclusively at the trench tip corner, while it is smoother along the positive electrode-SPE interface. By comparing Fig. 5a and b it is apparent that the charge transfer localization at the corners is strongly reduced in the smoother profile. Fig. 6b shows the component of the electric current density (j Pos and j Neg (12)) normal to the electrode-electrolyte interface and the mean electric current (j int (22) ) evaluated at the same instant of time to which the profiles refer. The mean electric current densities for the r ¼ 1 mm and r ¼ 5 mm geometries differ to such a small extent that one set of data instead of the average is reported in the plot. The abscissa s represents the coordinate along each interface, Fig. 6a , with s ¼ 0 and s ¼ l referring to the points laying on the leftand right-hand sides of the domain, respectively. By comparing the plots against the mean electric current, it appears that the profile referring to the C 6 -SPE interface presents spikes which are not visible for the LiCoO 2 -SPE interface and this leads to a larger value of the uniformity index for the negative electrode (Fig. 4) . When plotting j el against s, the current density localizations that appear at the corners (Fig. 5) can be easily recognized. For the r ¼ 1 mm cell, the peak observed at sz5 mm along the negative electrode-SPE interface corresponds to the electrode trench tip corner, while the sign inversions located at s z 55 (15) mm along the C 6 -SPE (LiCoO 2 -SPE) interface corresponds to the trenches feet. 1 The profiles appear smoothed at both interfaces for the r ¼ 5 mm cell, with peak values reduced up to 40%. This was clearly pointed out by the UI reduction attained in geometries with r ¼ 5 mm in the plots of Fig. 4 , proving that UI is a suitable indicator for the evaluation of the electrode utilization.
Electrochemical-mechanical model
The effect of electrochemical-mechanical coupling on the ionic conductivity in the SPE is discussed in this section. The numerical simulations are performed by adopting the coupled electrochemical-mechanical formulation described in Section 2.1, without externally applied mechanical solicitations (Du ¼ 0). The time evolution of the average electric current densities is reported in Fig. 7a . All curves follow the trend observed in Fig. 3 for the simulations performed with the purely electrochemical model, also reported in the plot and identified by the label ec. Increasingly high values of the Young's modulus lead to narrower variation ranges of the electric current density during the process. The inset in Fig. 7a shows that the initial peak reduces up to 11% (points in the inset are reported starting from t ¼ 10 s; being the current equal to zero for t ¼ 0, the inclusion of this values makes the graph less readable), while an increase up to 14% is observed for the final value. Due to the stronger inertia of ions to redistribution caused by the electrochemical-mechanical coupling, a shorter interval of time is required in the cells with stiffer polymer to reach the steady state configuration, which is actually achieved for E ¼ 140 and 500 MPa. Simulations performed with the purely electrochemical model. The trenches provide the most conductive path for the charge transfer from one current collector to the other. 1 The reason of the sign inversion is twofold. First, the post-processing procedure with which the electric current density is extrapolated from the integration points to the nodes along the boundary is done from the electrodes side. This choice was made because the definition (1) of the electric current density in the electrodes involves a single variable, f, and thus the post-processing manipulation is easier and less prone to error (averaging between different elements has to be done for only for one degree of freedom). Second, there is a strong localization of the electric current density at the feet of the trenches, where the direction of the normal along the boundary also changes rapidly and becomes opposite to the current density extrapolated to the nodes. If the extrapolation from integration point to interface nodes were done from the SPE elements, the same problem would have appeared in other locations where other variables (either the concentration or the stresses) localize. However, apart from a few specific locations the same plot would have been observed.
As for the purely electrochemical model (Fig. 3) , cells with r ¼ 5 mm are characterized by an electric current density slightly lower than cells with r ¼ 1 mm. Data for r ¼ 5 mm are not reported in the plot for the sake of readability. Fig. 7b shows the time evolution of the maximum and minimum values of the ionic concentration attained in the SPE, normalized with respect to the initial concentration c 0 (both normalized values are equal to 1 at t ¼ 0, when the concentration distribution is uniform). The higher the elastic modulus of the polymer the higher the pressure induced by ions redistribution, which in turn limits the extent of the ionic concentration gradient. The reduction of the peak value of the maximum concentration is up to 34% while a tenfold increase in the minimum value achieved by ionic concentration is observed for the E ¼ 500 MPa polymer with respect to softer polymers. This second observation has a strong impact on possible battery applications, suggesting that the stiffer SPE is less prone to experience a complete depletion of ions even for higher electrostatic potential differences applied between the current collectors. A discussion about the effect of mechanical stresses on the limiting current dictated by the concentration gradient that develops in the SPE is given in a companion paper [25] .
Figs. 8aeb show the time evolution of the uniformity index evaluated along the interface between the SPE and each electrode. The range of variation of UI is narrower for stiffer SPEs, indicating that stresses oppose to ionic concentration redistribution also along the electrode-SPE interface. Fig. 8b highlights this aspect and shows that the influence of the stresses is so large for E ¼ 500 MPa that UI undergoes an opposite pattern with respect to all the other cases: a minimum value is achieved after a few seconds followed by a monotonic increase toward a plateau. The uniformity index increases (between 20 and 30% with respect to the purely electrochemical model, depending on the trench tip radius) for increasingly high values of the Young's modulus, i.e., the utilization of the electrode is restricted to narrower regions when higher values of stresses develop due to ionic redistribution in the SPE. This can be better understood from Figs. 8ced in which the distribution of the component of the electric current density normal to the electrode-SPE interface along the interface is reported. Modifications of the electric current density profile are appreciable only in the region between the bottom part of the positive electrode (s2½0; 20 mm, Fig. 8c ) and the tip of the negative electrode (s2½0; 8 mm, Fig. 8d ). The peak value reached along the negative electrode-SPE interface increases up to 68% (45%) moving from E ¼ 0 to 500 MPa for R ¼ 1(5) mm indicating that the negative trench tip is the most sensitive location for the overall battery performance. For the positive electrode-SPE interface the variation at the bottom part are up to 48%. The favorable effect of smooth geometries on the homogeneous utilization of the electrode is visible also when the stress contribution is considered: larger corner radii lead to reduced UI values.
Ionic concentration and stresses distribution within the SPE are examined for the 50 mm trench batteries and E ¼ 140 MPa, with results reported in Figs. 9e11. Fig. 9 shows the concentration distribution when the maximum ionic concentration peak is achieved ( Fig. 7b) and at t end . The ionic concentration gradient is more pronounced at the tip of the negative electrode trench than elsewhere, irrespective of the battery geometry and the state of progress of the discharge process. This clarifies why the effects of electrochemical-mechanical coupling on the electric current density observed in Figs. 8ced is limited to that region: the impact of stresses on the ionic conduction is directly proportional to the magnitude of the ionic concentration gradient. Analogous comments apply to concentration distributions determined for different trench heights although local values are different in agreement with Ref. [18] .
Figs. 10 and 11 refer to the h ¼ 50 mm cell with r ¼ 1 and 5 mm.
They show the distribution of pressure (p) and von Mises stress (s vM ) corresponding to the ionic distributions of Fig. 9 . A compressive stress state initially arises at the tip of the negative electrode trench when the ionic concentration is maximum at that location (Figs. 10aeb and 9a-b) . The concentration redistributes afterwards and the pressure relaxes as shown in Figs. 9ced and 10c-d, but the depletion of the region at the bottom of the positive electrode trench causes a tensile stress to develop. The entity of the tractions is remarkably high if one considers on the one hand that these values correspond to the threshold for fracture stress indicated by experiments [37] for crosslinked PPGDA polymers (about 7% of the Young's modulus), and on the other hand that such a stress field only arises because of regular battery operations, as no external loads are applied. It should be noted that the average electric current density is up to jz20 A m À2 as shown in Figs. 3 and 7a . These loading conditions are much more severe than those considered by Su et al. [10] who performed their experiments with jz2 Â 10 À3 A m À2 (an electric current of 1 mA was applied on a 1 inch diameter circular cell) on a uniform planar cell with a SPE thickness w ¼ 220 mm. The authors commented that "debonding does not occur during the gentle cycling conditions that were employed, in spite of the low adhesion energy", suggesting that electrode-SPE debonding should be expected under more severe loading conditions, in line with our observations. If detachment of the SPE from the bottom of the positive electrode occurs, the functioning of the battery would be irreversibly compromised as that location lies along the most conductive path of the cell. The combination of cell geometry and boundary conditions (30e32) causes deviatoric stress components to arise in response of the ionic concentration redistribution. Fig. 11 shows that these deviatoric components lead to a non-zero von Mises stress in the proximity of the negative electrode trench tip, where the highest concentration gradient is located. The von Mises stress distribution within the SPE is basically constant during the entire discharge process (Figs. 11aeb and Figs. 11ced show no appreciable with and E ¼ 140 MPa. The plots refer to (a,b) the instant of time at which the maximum concentration value is achieved in the cell (Fig. 7b) , and (c,d) at time
The ionic concentration gradient is more pronounced at the tip of the negative electrode trench than elsewhere, irrespective of the state of progress of the discharge process. À1 and E ¼ 140 MPa. The plots refer to (a,b) the instant of time at which the maximum concentration value is achieved in the cell (Fig. 7b) , and (c,d) at time t ¼
differences). This observation is strengthen by Fig. 12 in which the time evolution of the maximum value achieved by the von Mises stress within the SPE is reported for h ¼ 50 mm and U ¼ 1:5 Â 10 À4 m 3 mol À1 and for both r ¼ 1 and 5 mm (data for E ¼ Experimental studies on PEO with Young's modulus in the range 2e50 MPa and 70e325 MPa were performed by Westover et al. [34] and Moreno et al. [36] , respectively. These studies show that either the yield stress [34] or tensile strength [36] of this material falls in the range 3e10% of the Young's modulus of the polymer. In this perspective, the linear elastic constitutive model here adopted appears to provide a reasonable first approximation of the observed behavior. By taking a yield stress s Y z0:1 E, Fig. 11 shows that the von Mises stress exceeds this value only in a confined region. It must be noted however that the location where the maximum von Mises stress is achieved is extremely relevant for the overall battery performance, as it corresponds to the corner tip of the negative electrode where most of the electric current transfer between electrode and SPE occurs (Fig. 6b) . Irreversible deformations or damage of the SPE at this location can potentially lead to modifications of the electrochemical properties of the polymer electrolyte that would in turn affect the cell conduction path and its overall conductivitydanalysis of the implication of mechanical damage in solid inorganic electrolyte on the battery performance can be found in Refs. [50, 51] . Even with no external loads applied to the cell, the simulations show that the yield stress in the SPE can be reached during routine battery operations. In the first instance, the model at hand can provide insight into a battery design that ensures structural integrity of the solid electrolyte. By simply changing the corner radius from 1 to 5 mm, for example, the maximum von Mises stress reduces from 17 MPa to 14 MPa thus limiting the above mentioned risks.
To summarize the results obtained for different cell geometries, Fig. 13 Figs. 13aeb show the cell conductivity (14) evaluated using the electric current density at t end , here simply called, with abuse of terminology, "steady state conductivity". The plots show that the enhancement of conductivity is directly proportional to the Young's modulus. The only exception is represented by the h ¼ 25 mm cell with r ¼ 5 mm and U ¼ 1:5 Â 10 À4 m 3 mol À1 , for which a reduced conductivity is observed from E ¼ 140 to E ¼ 500 MPa (Fig. 13b) . This suggests that the beneficial effects of electrochemical-mechanical coupling reaches a maximum for Ez140 MPa, and beyond this value the stresses alter the ionic conduction path in a way that is not favorable to ionic conduction. The behavior seems to be related to the specific geometry of the battery and was not observed for the other configurations. The plots reveal that the favorable effects of electrochemical-mechanical coupling on the system conductivity is more pronounced for cells with longer trenches, up to a maximum enhancement of 15%. A pronounced gap separates the h ¼ 25 mm cell from the others, suggesting that there exists a threshold in trench height after which the effects of electrochemicalmechanical coupling on the overall behavior becomes stable.
Figs. 13ced report the trend of the uniformity index (25) relative to the negative electrode evaluated at t end versus the Young's modulus of the SPE. Changes in the electrode utilization with E follow the opposite trend with respect to the system conductivity: the entity of UI variations with the Young's modulus of the SPE is inversely proportional to the trench height, up to 25% for the h ¼ 25 mm cell. This holds true for all battery geometries and for both values of the partial molar volume. C-rate ¼ 1 hour
Since the cell discharges under potentiostatic conditions, the potential difference between the current collectors is assigned and constant, DV disc , and k is proportional to the electric current density flowing through the cell at any instant of time. The quantity defined by (36) indirectly expresses the average behavior of the cell conductivity over time, with (37) following from (14) . Higher C-rate values correspond to higher average cell conductivities.
Figs. 13eef show that the trend of C-rate versus E is similar to that of k versus E (Figs. 13aeb) : the beneficial effect of the electrochemical-mechanical coupling is more pronounced in batteries with higher trenches (C-rate shows an increase up to 7% in the h ¼ 75 mm cell). The C-rate enhancement is less pronounced than that of steady state system conductivity because it also accounts for the initial transient behavior. As shown in Fig. 7a , the presence of stresses leads to an increased inertia to ionic concentration redistribution, making the SPE less conductive during the initial part of the discharge process (a few hundred seconds). The importance of the initial ionic conduction reduction is major for the 25 mm high trench cell, for which the transient stage constitutes a larger portion of the entire discharge process. This causes the reduction of C-rate observed in Fig. 13f from E ¼ 140 MPa to E ¼ 500 MPa.
According to these results, SPEs characterized by higher elastic moduli are more suitable for cells with longer trenches, as the beneficial effects of electrochemical-mechanical coupling on both the maximum achievable current density (system conductivity) and the average C-rate is more pronounced, while the unfavorable effect of stresses on electrode utilization is more moderate with respect to shorter trench batteries.
Electrochemical-mechanical model with external loads
The effect of externally applied loads on the battery performance is investigated by means of numerical simulations with different values of the displacement boundary condition Du: 0, 0.25, 0.5 and 1 mm. The pressure levels proportional to those displacements are in the ranges: 0.2e0.8 MPa for E ¼ 5 MPa; 2e8 MPa for E ¼ 50 MPa; 5e23 MPa for E ¼ 140 MPa; and 19e78 MPa for E ¼ 500 MPa. The pressure values are higher than those considered in previous experimental studies aiming at reproducing cell pressure states induced during manufacturing, in which external pressures up to 2 MPa and 5 MPa were applied on single cells [52] and pouch cells [53] , respectively. However, the average compressive stress experienced by particle-based electrode has proved to exceed that applied during manufacturing process (Sethuramn et al. [54] report values up to 13 MPa). The largest values of pressure, corresponding to the boundary condition Du ¼ 1 mm, are assumed to be induced by external solicitations applied on the cell during service.
Boundary condition Du ¼ 1 mm should be regarded as the upper bound for the validity of the infinitesimal strain theory, since it induces a 10% vertical deformation.
Pressure and von Mises stress distributions in Fig. 14 for Du ¼ 0:5 mm are contrasted to those related to the same cell geometries and material parameters when no external loads are applied (Figs. 10ced and 11c-d) . As expected, the applied displacement induces a compressive stress state at both trench tips that increases the compressive stress at the bottom and lowers the tractions at the top of the region occupied by the SPE. The von Mises stresses, previously confined around the positive electrode trench tip (Fig. 11) is non-zero in the entire cell. In this new configuration, the von Mises stress approaches 15 MPa (above 0:1 E) at the bottom part of the positive electrode (the location that faces the middle point of the negative trench tip) for both values of r. A peak value is achieved at the positive trench tip for r ¼ 1 mm, suggesting that, depending on the configuration of the external loads, different locations in the SPE may undergo irreversible deformations. It should be noted that, according to the stress maps provided in Fig. 14 Figs. 15aeb and Figs. 15eef reflect the progressive reduction of the steady state and the average (throughout the overall process) current densities, respectively, for increasingly high values of the applied displacement. Increasingly high values of the external displacement cause a reduction of the cell current, more than 5% by changing Du from 0 to 1 mm, represented by a progressive shift of the curves downward. A similar experimental evidence was reported by Mussa et al. [52] who observed an overall impedance increase in fresh cells (before any aging took place, which is the case here because no such mechanisms are considered in the analyses) subjected to increasingly high values of external pressure. The contribution of the stresses on the cell performance is beneficial also when deformations on the SPE are externally induced, provided that the amplitude of the applied displacement is below a certain threshold, identified as Du slightly above 5 mm for the systems considered in this study (Figs. 15eef) . The average electric current is lower than the reference value only for Du ¼ 1 mm, irrespective of the value of E. This is in agreement with experimental studies conducted on porous electrode showing that the application of an external pressure to the cell leads to improved performance, provided that the extent of the applied pressure is limited [52, 53] . Figs. 15ced show that the uniformity index generally decreases for larger Du. The lower values of UI do not follow from a favorable redistribution of the exchange current density toward a uniform utilization of the electrodes: they are related to the reduction of the electric current density in the region of the cell above the negative electrode trench tip. The latter are due to a reduced ionic conductivity caused by the presence of an externally induced compressive stress field in the SPE that alters the ionic conduction path.
Conclusions
Discharge processes in microbatteries with a trench geometry are simulated using a coupled electrochemical-mechanical model. Due to the complex geometry of the battery, the overall conduction path (from one current collector to the other) determines the distribution of ions in the SPE. The stress field in the SPE follows from a non-uniform concentration profile, so that the mechanical response of the polymer cannot be predicted without the inclusion of all the battery components in the analyses.
A cell conduction enhancement is predicted when the coupled model is used in place of the purely electrochemical model. In general, the pressure arising in the SPE layer limits the development of non-uniform concentration profiles, enhancing the ionic transport. This study proves that the role of mechanical stresses cannot be neglected and should be accounted for in battery design [26] and geometry optimization [20] because the pressure (due to either ionic redistribution or externally applied solicitation) locally affects the electric current density. Previous experimental studies have shown that non-uniform current density distributions favor side reactions that reduce cyclable lithium [53] and accelerate nonuniform aging [52] resulting in capacity fade. Even if the incorporation of the reaction kinetic and the electrodes expansion/ contraction in the model would lead to more complex responses, dictated by the dynamic behavior of each cell component, the general trend of the role of mechanical stresses is expected to be similar to that observed in this study. Our results indicates that the electrode-SPE interface is the most delicate location in terms of mechanical integrity, in agreement with recent numerical [24] and experimental [10, 26] studies, as both pressure and von Mises stress values attain their maximum values therein.
It is known that the mechanical response of the SPE depends on the time scales at which the solicitations occur. The combined experimental and numerical study by Su et al. [10] shows that the strain rate experienced by a SPE placed in a working battery may strongly differ from the strain rates at which the material is tested when its mechanical properties are determined. The strain rate induced by the ionic redistribution occurring in the SPE was up to 4 Â 10 À3 s À1 in our simulations. Experimental evidence [35, 36, 55] however indicates a rate-dependent behavior in mechanical tests conducted at comparable strain rate levels. This suggests that a model accounting for the SPE viscous response would provide a more realistic prediction of the electrochemical-mechanical behavior. However, by comparing the stress values resulting from our simulations with those indicated as limit values of the elastic regime in PEO and PPGDA [34, 36, 37] , the linear elastic constitutive model used for the polymer electrolyte can be considered as an acceptable approximation in this study.
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The governing equations in Section 2.1 define an initial boundary value problem. The charge conservation equations for the electrodes (2) and the coupled system of equations for the SPE (9) must be solved simultaneously. The problem can be formulated in a weak form by multiplying the strong form (governing equations (2)e(9)) by a suitable set of test functions and performing an integration by parts over the domain. Adopting a Galerkin approach, the weak form is built using variations of the same var- Green's formula is used to reduce the order of differentiation. Terms j Pos cc ¼ j Pos $n Pos , j Neg cc ¼ j Neg $n Neg and t are boundary conditions representing the electric current density applied on the boundary of the electrodes and the tractions applied along the boundary of the SPE, respectively. The weak form (A.1) already accounts for the interface conditions (12) and (13) . The presence of stress gradients in the governing equations of charge (A.1c) and mass (A.1d) conservation requires the introduction of the pressure (A.1f) as additional degree of freedom [56] .
Due to the multiphysics nature of the problem, the field rða nþ1 Þ ≡ f int ða nþ1 Þ À f Vector f refers to time step t nþ1 and iteration k À 1, subscript n þ 1 and superscript k À 1 are omitted to favor readability.
Solid polymer electrolyte elements. The contributions to the element tangent matrix and the residual vector that follow from the space-time discretization of equation (9) 
